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Abstract
We consider charged rotating black holes in 5-dimensional Einstein-
Maxwell theory. These black holes are asymptotically flat, they pos-
sess a regular horizon of spherical topology and two independent an-
gular momenta associated with two distinct planes of rotation. We
discuss their global and horizon properties, and derive a generalized
Smarr formula. We construct these black holes numerically, focussing
on black holes with a single angular momentum, and with two equal-
magnitude angular momenta.
1
1 Introduction
In Einstein-Maxwell (EM) theory in 3 + 1 dimensions the unique family
of stationary asymptotically flat black holes comprises the rotating Kerr-
Newman (KN) and Kerr black holes and the static Reissner-Nordstro¨m (RN)
and Schwarzschild black holes. EM black holes are uniquely determined by
their mass, their electric and magnetic charge, and their angular momentum
[1].
The generalization of black hole solutions to higher dimensions was pio-
neered by Tangherlini [2] for static vacuum black holes, and by Myers and
Perry [3] for stationary vacuum black holes. Whereas Myers and Perry [3]
also obtained charged static black holes in higher dimensional EM theory,
higher dimensional charged rotating black holes have not yet been obtained
in pure EM theory, although such black holes are known for some low energy
effective actions related to string theory [4, 5]. Higher dimensional black holes
received much interest in recent years also with the advent of brane-world
theories, raising the possibility of direct observation in future high energy
colliders [6].
The uniqueness theorems of EM theory in 3 + 1 dimensions cannot be
generalized to higher dimensions, unless one makes restrictions, in particular
with respect to the horizon topology [7]. Indeed, there exist black rings, i.e.,
solutions with horizon topology of a torus [8]. Restricting to black holes with
horizon topology of a sphere, we here consider charged rotating EM black
holes in 4 + 1 dimensions, which are asymptotically flat, possess a regular
event horizon, and in general possess two independent angular momenta,
associated with two distinct planes of rotation. Recently, such black holes
have been studied perturbatively, in the limit of small charge [9].
We investigate the physical properties of these black holes. We obtain
their mass M , their angular momenta J1 and J2, and their electric charge
Q from an asymptotic expansion. For generic values of the charge, their
gyromagnetic ratios deviate from the perturbative values, gi = 3 [9]. From
an expansion at the horizon we determine their horizon area AH, their surface
gravity κ, their horizon velocities Ω1 and Ω2, and their horizon electrostatic
potential ΦH. We then show, that these black holes satisfy a generalized
Smarr formula [10]
2
3
M =
κAH
8πG
+ Ω1J1 + Ω2J2 +
2
3
ΦHQ . (1)
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To construct these charged rotating black holes numerically, for finite
values of the charge, we employ an Ansatz for the metric which is inspired
by the parametrization of Myers and Perry [3, 9], but based on bi-azimuthal
isotropic coordinates. This parametrization of the metric corresponds to a
generalization of the Ansatz employed previously for rotating black holes in
3+1 dimensions, well suited for numerical work [11, 12]. The Ansatz for the
gauge potential follows from the symmetries [9].
In section 2 we recall the EM action, and present the stationary axially
symmetric Ansatz. We discuss the black hole properties in section 3, and
derive the generalized Smarr formula in section 4. We present some numerical
results in section 5, focussing on black holes with a single angular momentum
and with two equal-magnitude angular momenta.
2 Action and Ansatz
We consider the 5-dimensional Einstein-Maxwell action
S =
∫ (
R
16πG
− 1
4
FµνF
µν
)√−gd5x , (2)
with curvature scalar R, Newton’s constant G, and field strength tensor
Fµν = ∂µAν − ∂νAµ, where Aµ denotes the gauge potential.
Variation of the action with respect to the metric and the gauge potential
leads to the Einstein equations and the gauge field equations, respectively,
Gµν = Rµν − 1
2
gµνR = 8πGTµν , (3)
∇µF µν = 0 . (4)
To obtain stationary black hole solutions, representing charged gener-
alizations of the 5-dimensional Myers-Perry solutions [3], we consider black
hole space-times with bi-azimuthal symmetry, implying the existence of three
commuting Killing vectors, ξ = ∂t, η1 = ∂ϕ, and η2 = ∂ψ [3, 9]. We employ
a parametrization for the metric, based on bi-azimuthal isotropic coordi-
nates, well suited for numerical work, corresponding to a generalization of
the Ansatz employed previously for rotating black holes in 3 + 1 dimensions
[11, 12]
ds2 = −fdt2 + m
f
(
dr2 + r2dθ2
)
+
p
f
r6 sin2 θ cos2 θ (ω2dϕ− ω1dψ)2
3
+
l
f
r2 sin2 θ
(
dϕ− ω1
r
dt
)2
+
n
f
r2 cos2 θ
(
dψ − ω2
r
dt
)2
. (5)
The metric has two orthogonal 2-planes of rotation, corresponding to θ = 0
and θ = π/2, where elementary flatness requires
(
m− p r4ω22
)∣∣∣
θ=0
= l|θ=0 ,
(
m− p r4ω21
)∣∣∣
θ=pi/2
= n|θ=pi/2 . (6)
The gauge potential is parametrized by [9]
Aµdx
µ = Atdt+ Aϕdϕ+ Aψdψ . (7)
All metric and gauge field functions depend on r and θ only.
3 Black hole properties
The mass M and the angular momenta Ji of the black hole [3, 13], are
obtained from the asymptotic expansion for the metric [14],
f = 1− 8GM
3πr2
+O
(
1
r4
)
, ωi =
4GJi
πr3
+O
(
1
r5
)
, (8)
while the charge Q and the magnetic momentsMi [9, 13], are obtained from
the asymptotic expansion for the gauge potential [14],
At =
Q
4π2r2
+O
(
1
r4
)
, Aϕ = −M1 sin
2 θ
4π2r2
+O
(
1
r4
)
,
Aψ = −M2 cos
2 θ
4π2r2
+O
(
1
r4
)
, (9)
and yield the gyromagnetic ratios gi [9]
M1 = g1QJ1
2M
, M2 = g2QJ2
2M
. (10)
The event horizon resides at a surface of constant radial coordinate, r =
rH [3, 9]. The Killing vector
χ = ξ + Ω1η1 + Ω2η2 (11)
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is orthogonal to and null on the horizon, where Ω1 and Ω2 denote the horizon
angular velocities with respect to rotation in the θ = 0 and θ = π/2 plane,
respectively [3, 9],
Ω1 =
gtψgϕψ − gtϕgψψ
gϕϕgψψ − g2ϕψ
∣∣∣∣∣
rH
=
ω1(rH)
rH
, Ω2 =
gtϕgϕψ − gtψgϕϕ
gϕϕgψψ − g2ϕψ
∣∣∣∣∣
rH
=
ω2(rH)
rH
.
(12)
The area AH of the black hole horizon is given by
AH = (2π)
2r3H
∫ pi/2
0
dθ sin θ cos θ
√
m
f 3
[
ln + pr4
(
l sin2 θ ω21 + n cos
2 θω22
)] ∣∣∣∣∣
rH
,
(13)
defining the area parameter r∆ via AH = 2π
2r3∆. As required by the zeroth
law of black hole mechanics, the surface gravity κ [15]
κ2 = −1
2
(∇µχν)(∇µχν)|rH =
f 2
(r − rH)2m
∣∣∣∣∣
rH
, (14)
is constant at the horizon. The expansion at the horizon [14] shows further-
more, that the electrostatic potential Φ is constant at the horizon as well,
Φ(rH) = χ
µAµ|rH = (At + Ω1Aϕ + Ω2Aψ)|rH = ΦH . (15)
4 Mass formula
To obtain the general mass formula, we recall the Komar expressions for the
mass M and the angular momenta Ji [15]
M = − 1
16πG
3
2
∫
S3
∞
α , Ji =
1
16πG
∫
S3
∞
β(i) , (16)
where
αµνρ = ǫµνρστ∇σξτ , β(i)µνρ = ǫµνρστ∇σητi . (17)
The horizon mass MH and horizon angular momenta Ji,H are obtained by
performing the integrations in Eqs. (16) at the horizon, i.e., by replacing S3
∞
by S3H, where we assume the horizon topology of a sphere. Noting that
M = MH − 1
16πG
3
2
∫
Σ
dα = MH − 1
8πG
3
2
∫
Σ
R tt
√−gdrdθdϕdψ , (18)
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J1 = J1,H +
1
16πG
∫
Σ
dβ1 = J1,H +
1
8πG
∫
Σ
R tϕ
√−gdrdθdϕdψ , (19)
J2 = J2,H +
1
16πG
∫
Σ
dβ2 = J2,H +
1
8πG
∫
Σ
R tψ
√−gdrdθdϕdψ , (20)
and taking into account the Killing vector χ = ξ + Ω1η1 + Ω2η2 to reexpress
the horizon mass [15],
2
3
MH =
κAH
8πG
+ Ω1J1,H + Ω2J2,H , (21)
we define the integral I,
I =
2
3
M − κAH
8πG
− Ω1J1,H − Ω2J2,H
= − 1
8πG
∫
Σ
(
R tt + Ω1R
t
ϕ + Ω2R
t
ψ
)√−g drdθdϕdψ . (22)
We then express the Ricci tensor in the integrand of I in terms of the stress-
energy tensor,
I = −2
3
∫
Σ
[
(Ftα + Ω1Fϕα + Ω2Fψα)F
tα
]√−gdrdθdϕdψ
+
1
3
∫
Σ
[
Fϕα(F
ϕα − Ω1F tα) + Fψα(F ψα − Ω2F tα)
]√−gdrdθdϕdψ .(23)
To evaluate the integral I we make use of the Maxwell equations and employ
Ftα = −∂αAt, Fϕα = −∂αAϕ, and Fψα = −∂αAψ, thus
I =
2
3
∫
Σ
∂α
[
(At + Ω1Aϕ + Ω2Aψ)F
tα√−g
]
drdθdϕdψ
− 1
3
∫
Σ
∂α
[(
Aϕ(F
ϕα − Ω1F tα) + Aψ(F ψα − Ω2F tα)
)√−g] drdθdϕdψ .(24)
Exploiting the expansions for the metric and the gauge potential, we note,
that the only non-vanishing contribution to the integral I comes from its first
part, evaluated at the horizon,
I = −2
3
(2π)2
∫ pi/2
0
dθ
(√−g(At + Ω1Aϕ + Ω2Aψ)F tr)∣∣∣
rH
. (25)
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Since the electrostatic potential ΦH, Eq. (15), is constant at the horizon,
I = −2
3
(2π)2ΦH
∫ pi/2
0
dθ
(√−gF tr)∣∣∣
rH
=
2
3
ΦHQ , (26)
where Q is the electric charge [13]. This yields the mass formula (1)
2
3
M =
κAH
8πG
+ Ω1J1 + Ω2J2 +
2
3
ΦHQ .
5 Numerical results
To obtain asymptotically flat solutions, we impose on the metric functions
at infinity the boundary conditions
f = m = l = n = 1 , p = ω1 = ω2 = 0 . (27)
For the gauge potential we choose a gauge where it vanishes at infinity,
At = Aϕ = Aψ = 0 . (28)
The horizon is located at rH, and is characterized by the condition f(rH) =
0 [11, 12]. Requiring the horizon to be regular, we obtain for the metric
functions the boundary conditions
f = m = l = n = p = 0 , ω1 = ω1,H , ω2 = ω2,H , (29)
where ωi,H are constants determining the horizon angular velocities Ωi =
ωi,H/rH. The gauge potential satisfies
χµAµ|rH = ΦH , ∂rAϕ = 0 , ∂rAψ = 0 . (30)
The boundary conditions in the planes θ = 0 and θ = π/2 are determined
by symmetries. The metric functions satisfy
∂θf = ∂θm = ∂θl = ∂θn = ∂θp = ∂θω1 = ∂θω2 = 0 , (31)
while the gauge field functions satisfy at θ = 0
∂θAt = ∂θAψ = 0 , Aϕ = 0 , (32)
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and at θ = π/2
∂θAt = ∂θAϕ = 0 , Aψ = 0 . (33)
For the numerical calculations we introduce the compactified radial vari-
able r¯ = 1− rH/r [11, 12]. We perform the numerical calculations with help
of the package FIDISOL [16], based on the Newton-Raphson method. For
black holes with two independent angular momenta, we generically have to
solve a system of 10 partial differential equations. In the special case of black
holes with a single angular momentum, we retain only a system of 7 partial
differential equations, since the functions p, ω2, and Aψ vanish identically.
In the second special case of black holes with two equal-magnitude angular
momenta the angular dependence of the functions can be extracted [5], leav-
ing a system of 6 ordinary differential equations [14]. These black holes are
therefore obtained with much higher numerical accuracy.
Turning to the numerical results, we focus here on black holes with a
single angular momentum and black holes with two equal-magnitude angular
momenta. In both cases we need to consider only a single function ω(r) =
ω1(r). As we increase Ω from zero, while keeping rH and Q fixed, a branch
of rotating black hole solutions emerges from the corresponding static black
hole. This lower branch extends up to a maximal value of Ω, which depends
on rH and Q. From the maximal value Ωmax a second branch, the upper
branch, bends backwards towards Ω = 0. Along both branches mass and
angular momentum continuously increase, as seen in Fig. 1, where we exhibit
the mass M and the angular momentum J = J1 for black holes with a
single angular momentum and black holes with two equal-magnitude angular
momenta as functions of Ω for rH = 0.5, and Q = απ
3/2, α = 0, 1, 3 and 5.
In Fig. 2 we show the horizon area parameter r∆ as well as the surface
gravity κ for the same set of solutions. The horizon area increases monoton-
ically along both branches, and the surface gravity decreases monotonically,
tending to zero for large black holes.
In Fig. 3 we show the horizon electrostatic potential ΦH and the gyro-
magnetic ratio g = g1 for these solutions. While close to the perturbative
value g = 3 [9], we observe deviations from this value of up to a few percent
for larger values of Q. Interestingly, for black holes with a single angular
momentum these deviations are negative, while they are positive for black
holes with two equal-magnitude angular momenta [17].
Finally, in Fig. 4 we show the mass M and the angular momentum J for
black holes with a single angular momentum and black holes with two equal-
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Figure 1: The mass M and the angular momentum J of black holes with a
single angular momentum and black holes with two equal-magnitude angular
momenta are shown as functions of the horizon angular velocity Ω for the
horizon radius rH = 0.5 and electric charge Q = απ
3/2, α = 1, 3 and 5. For
comparison the corresponding values of the Myers-Perry black holes are also
shown (α = 0).
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Figure 2: Same as Fig. 1 for the area parameter r∆ and the surface gravity
κ.
magnitude angular momenta as functions of the isotropic horizon radius rH
for ωH = 0.1 and Q = απ
3/2, α = 0, 1, 3 and 5.
Further details and numerical results for the general case of two nonequal-
magnitude angular momenta will be given elsewhere [14].
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Figure 3: Same as Fig. 1 for the horizon electrostatic potential ΦH and the
gyromagnetic ratio g.
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Figure 4: The mass M and the angular momentum J of black holes with a
single angular momentum and black holes with two equal-magnitude angular
momenta are shown as functions of the horizon radius rH for ωH = 0.1 and
electric charge Q = απ3/2, α = 1, 3 and 5. For comparison the corresponding
values of the Myers-Perry black holes are also shown (α = 0).
6 Conclusions
We have considered charged rotating black holes in 5-dimensional Einstein-
Maxwell theory. These black holes are asymptotically flat, they possess a
regular horizon of spherical topology and two independent angular momenta
associated with two distinct planes of rotation. Our appoach has been ana-
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lytical concerning the expansions at infinity, at the horizon, and in the sym-
metry planes, and numerical concerning the actual construction of the black
holes. In particular, we have introduced a metric parametrization, based on
bi-azimuthal isotropic coordinates, well suited for numerical work.
We have studied the physical properties of these black holes, in particular
their global charges and horizon properties, and obtained a generalized Smarr
formula for these black holes. Interestingly, for generic values of the charge
their gyromagnetic ratios differ from the value gi = 3, obtained for weakly
charged EM black holes [9] (or certain supersymmetric black holes [18]).
In the numerical construction of the black holes we here have focussed on
black holes with a single angular momentum and black holes with two equal-
magnitude angular momenta. In the latter case, the angular dependence of
the metric and gauge field functions is obtained explicitly, leaving only a set
of ordinary differential equations to be solved numerically. Further details
of these black hole solutions and numerical results for black holes with two
nonequal-magnitude angular momenta will be presented elsewhere [14].
While analytical construction of the exact 5-dimensional charged rotating
EM black holes still presents an outstanding challenge, we hope, that the
numerical solutions presented here will be helpful in achieving this goal.
The Ansatz introduced to parametrize the metric of the 5-dimensional
rotating EM black holes should also allow for the numerical construction of
rotating black holes of theories containing further matter fields. In particular,
the inclusion of a dilaton might lead to interesting phenomena. Already in
3+1 dimensions the presence of a dilaton yields new surprising features, such
as counterrotating black holes [12].
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